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Boundary control of a pseudoparabolic problem is studied. The trace of a 
solution .v(T; ~0) corresponding to a control cp is shown to belong to L’($2) and 
continuity properties are established. Two concrete examples are considered and 
regularity properties of the optimal control are determined in each case. 
1. INTRODUCTION 
Let n be an open nonempty bounded domain in R” with a smooth 
boundary r and let Q = a x (0, 7’) and C = r X (0, T), where T is a fixed 
finite number. We study the control of the following initial boundary value 
problem 
(1 - 4 Y,(X, t) ~ dY(& t> = 0 in Q, (1) 
y(x, 0) = 0 in a, (2) 
Y(X, q = cp(x, f) on C. (3) 
Problem (l)-(3) is of pseudoparabolic type. It arises in the modelling of 
numerous physical systems in which there is higher order correction than in 
the parabolic case [Z], for example in the non-steady flow of second-order 
fluids 191. 
In this paper we think of the boundary conditions ~1 in Eq. (3) as controls 
with the solution y(q) of (l)-(3) as the associated state function. To 
formulate the problem appropriately, we must study the properties of the 
map v, -+ y(q) and indicate its proper setting. Furthermore, we consider the 
associated trace y(T, rp) as the observation and show that for 
pseudoparabolic equations y(T, (0) belongs to L2(0). Having made this 
study, we consider two concrete examples and study the existence, charac- 
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terization, and regularity for these problems. The contribution of this paper 
is that it is the first study of boundary controls for pseudoparabolic problems 
on domains in R”. Furthermore, it establishes trace properties of y(T, o) for 
boundary functions o to indicate the difference between this and parabolic 
problems. The application is of interest in that regularity properties are 
noted. These properties are of importance from an approximation point of 
view to give a proper Ritz-Galerkin approximation. 
2. THE BOUNDARY VALUE PROBLEM 
We shall be using several function spaces. Of course, the spaces L’(Q) 
and L*(0) with norms denoted by (1 . 1/0,0 and 11 . /I,,, respectively, will be 
used. The space H*(Q) with norm 11 . II d enotes the second-order Sobolev 
space with HA(Q) n H’(0) a closed subspace. Here HA(B) is the completion 
of C?(n) with respect to the norm II . l/i. We use H’(0, Z H:(R) r? H*(R)) 
to denote the (equivalence classes of) functions f with the property that f 
and f, belong to L*(O, T, Hi(a) f7 H2(J?)). The trace spaces H”‘(r), H”‘(T) 
and L’(O, r; H”‘(r)) will also be of interest. We refer the reader to the 
works [ 1, 51 for the definitions of these space and the study of their 
properties. 
Another function space that is useful in the study of pseudo-parabolic 
boundary control problems is defined as follows: @ is the completion of 
C’(O, T, L*(T)) with respect to the norm 
llfll@ = (Ilfll~qr, + llf(*~ miw-,)1’2~ 
We give some properties of the space @. 
(i) @ is a dense subspace of L*(Z) with a continuous injection. 
(ii) If p’n + v, weakly in L*(Z) and q,,(T) + (o(T) weakly in L’!(Z). This 
property is a consequence of the density of @ in L*(C) and the uniform 
boundedness principle. 
We introduce an “adjoint” problem 
-(l -d)z,-dz=u in L’(Q), (4) 
z(., 2-j = (1 -LIP’ @(*) in H#2) n HZ@)), (5) 
where 8 E L2(8) and (1 -A)-’ 13 denotes the solution of the boundary value 
problem 
(1-A)a=8 in R. 
a=0 on r. 
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The solution z belongs to H’(0, T; H,#) nH*@)) for all u E L’(Q) and 
e E L’(a). 
We now obtain the solution of (l)-(3) by transposition; see [4.5]. First, 
we consider the operator P from H’(0, p, H,$2) n H2(R)) into L’(Q) that is 
defined by 
P: y-+ (1 -A) I$/-Al& 
Let the subset V be defined by 
(6) 
v={lyEH’(0,T;H#2)nH*(.i2):~(*,0)=0}. (7) 
The definition of V makes sense as the trace v/(., 0) is defined in 
H@?) n H2(R) f or any element in H’(0, T; Hi(G) nH*(R)), see [S]. We 
observe the following. 
PROPOSITION 1. The mapping P is an isomorphism of V onto L’(Q). 
Proof: That P is onto and one-to-one has been established in [S]. 
Furthermore, it is clear that P: V + L’(Q) satisfies 
llmll L’(Q) < c 11 ~hf’(O,T;H2GW 
for some positive number c. That P is an isomorphism follows then from the 
open mapping theorem. 
Remark 2. If (4) is replaced by 
P:y+My,+Ly, 
where A4 and L are second-order uniformly strongly elliptic operators. Then 
the above results is true, and an inequality of the form 
II VII H’(O.T:HZ(Q)) G c IIpdL2(Q) (8) 
for some positive c holds as a consequence of the ellipticity conditions on M 
and L, see [3, lo]. 
Remark 3. Proposition 1 clearly holds for the case in which V is 
replaced by 
vT = {IJI E fP(0, T; H;(Q) nH2(n)): w(., T) = 0) 
and P is replaced by 
P:y/-+(l-Ll)~~+Lll+ 
If we multiply Eq. (1) by the solution p of (4) and (5) with 8= 0 and 
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formally integrate by parts utilizing equations (2) and (3), we obtain for 
p E V, the following: 
1 
Q 
y(q)(( I- A) PI + AP) dQ = 1 (P(P, - PA dz. 
z 
Now p E H’(0, T; H*(R)) means that p E #‘(O, r; H*(a)) and 
pI E @(O, T, H*(0)). It follows then that we can think of p as belonging to 
C’(O, 7’; H’(L))), see [5]. Hence, in particular, we observe that 
P(*, T) E H2(W, see [ 51. Furthermore, we note that p, and p,” both belong to 
@(O, T; H”*(r)). A ccordingly, if we take cp to belong to the dual space 
@(O, T; H-“*(r)) then the right side of Eq. (9) makes sense. From the 
isomorphism properties of the operator P, Eq. (9) may be used to define y(q) 
in L’(Q) as a solution of (l)-(3). For our discussions we take q to belong to 
L*(C), and we have the following. 
PROPOSITION 4. Let (D belong to L2(Z). Then there exists a unique 
solution y(q) in L’(Q) to problem (l)--(3) satisfying Eq. (9). 
For the pseudoparabolic problem we note that y(p) EL’(Q) implies that 
dy(p) belongs to @(O, T, Hp2(R)) and accordingly (1 -d) ~~((0) belongs to 
@(O, R H2(R)). But then y,(q) E P(0, T; p(R)) so that the map 
t + y(., t; o) may be viewed as a continuous mapping of [0, T] into L*(R). In 
particular, we have y(., T, 0) E L’(R). Hence, we give the following. 
THEOREM 5. Let 9 E L*(C). Then the solution y(q) of (l)-(3) given by 
(9) has the property that y(+, T; ~0) belongs to L’(R). 
Remark 6. This is a point of difference between parabolic and pseudo- 
parabolic problems. For the parabolic case we find that the trace property is 
y(., T, q) E H-“*(l2), see [4]. Hence, for the parabolic case, we cannot 
formulate problems requiring that y(., T; (p) belong to L’(G) as we do here 
for problems for pseudoparabolic type. 
We now indicate certain continuity properties of the maps rp + y(o) and 
(D + y(T; o). Of aid in this study is the following integral relationship 
between(l)-(3) and the “adjoint” problem (4) and (5) of which (9) is a 
special case : 
Here we note that if 19 # 0 in L*(R), then z”(T) E H”*(r). 
First, from Eq. (9) we may immediately observe the following. 
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PROPOSITION 7. If p, + 9 weakly in L’(z), then y(p,) + y(q) weakly in 
L'(Q). 
To study the continuity properties of cp -+ y(T, p), it suffices to consider 
(10) with u = 0 in L*(Q) and 8 E L*(a). We denote the solution of (4) and 
(5) in this case by q. Hence, Eq. (10) in this case becomes 
,f q,(T) rp(T) dr (11) 
R 
MT; v> dQ = j 
r 
(a, - q,)v dz - ,f 
r 
Accordingly, from this equation we may observe the following as a conse- 
quence of property (ii) for CD. 
PROPOSITION 8. Zf cp,, -+ cp weakly in @, then y(T, rp,) + y(T; q) weakly in 
L*(a). 
3. Two CONTROL PROBLEMS 
In this section we first consider the following problem: 
minimize J(v) = ll~ll~ + IIY(*, T; cp> - 4>&, 
subject to v E @, 
(12) 
where z E L*(B) and z # 0. Here y(T; q) is the trace of the solution y(p) of 
(l)-(3) at a given time T > 0. Furthermore, we recall that for 
pseudoparabolic equations y(T; 9) E L*(G). 
We show the existence and uniqueness of a solution (D, to (lo), cf. [4]. To 
this end define 
nccp, C/I) = j’ y2(~, q) dZ- + 1 rp* dc + j v*(T) dc 
I- r r 
J(q) = 7r(q, q) - qz, Y(Z P))Lqsw + IIZlltw 
and we note that J(.) satisfies a parallelogram law 
J(~)+~(~.~)=tJ(l?l)+tJ(C2). (13) 
We may choose a minimizing sequence ((p,} of (12) such that o,, E @. Now 
it is a standard argument that by using (13) we may show that 
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as k, 1 --t 00. Accordingly, we have q,, --t rp in @. Thus, (p is a minimizing 
element. Its uniqueness is a consequence of the convexity of J(e). Hence, we 
see that ‘p,, = o. 
We now determine regularity properties of (Do. Thus, we obtain optimality 
conditions characterizing qO. The first variation of J at ‘p,, is given by 
0 = ~J(rpo)(v) = 2(% 3 W)@ + 2(Y(T; (Do) - Z? vLw (14) 
for all I,U E L*(Z). By setting u = 0 in (4), and 9 = y(T; qO) = z in (5), and 
denoting the solution (4) and (5) by q(rp,), we may obtain from (14) the 
equation 
0 = 1’ (~0 + qtu - s,>w dz + 1 boG’-1  qS”9) y/V) dr (15) 
r r 
for all w E @. Since W--P y/(T) is onto L*(T) and @ is dense iti*( we 
deduce that 
(PO = 9, - 410 in L*(Z), (16) 
v,(T) = q,m in L2(Q. (17) 
But q and q1 belong to P’(0, T; H*(Q)) implies that q, and ql” belong to 
@(O, c H”‘(r)). Furthermore, we see that q,(T) E H”*(T) since 
y(T, (D,) - z E L’(Q). Accordingly, we have that p. E @(O, T; H”*(T)) and 
PO(T) E fP3*(r). 
THEOREM 9. There exists a unique solution IJI, to problem ( 12). This 
solution has the property that q. E Ho(O, T, H”*(T)) and qo(T) E H”*(r). 
Remark 10. We remark here that the above results also hold for the 
initial boundary value problem 
My,+Ly=O in Q, 
Y(3 0) = 0 in 0, 
Y=yl on Z, 
where M = M(x) and L = L(x) are second-order uniformly strongly elliptic 
operators. 
Another problem of interest is the following 
minimize 
subject to p E @, (18) 
II YE VI - 40 s P, 
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where z E L2(Q) and 0 < p < ]] z]],,. We first note from Proposition 8 that if 
qn -+ (p strongly in @ then y(T, q,) + y( T, o) weakly in L2(0). Hence, the set 
is a closed convex subset of @ since the set { y E L*(R): ]] y - z,,]]~ <p} is 
weakly closed in L2(R). The existence and uniqueness of a solution o0 to 
(18) is immediate [6] if we know that U is nonempty. The property that 
U # I$ is dependent upon the controllability properties of (l)-(3). 
Controllability of (l)-(3) is studied for R = (0, 1) in [ 111. These results 
depend upon support properties of solutions of pseudoparabolic equations 
PI and carry over to higher dimensional cases, for example, 
12={(x,y):x2+y2< 1). 
Controllability also implies the existence of a positive Lagrange multiplier 
A. associated with the target constraint. Hence, problem (18) may be 
formulated as 
minimize W) = NV) + A(ll m rp) - 4: -P’) 
subject to p E @. 
Furthermore, we have the relation, see [6], 
(19) 
Thus, as in the previous example, we may determine the regularity of v0 from 
the first variation of (19). In this case, we see that 
vo = 9” - qr” in L’(C), 
u1m = 4”(T) in L2(T), 
where q is the solution of (4) and (5) with u = 0 and 0 = A(y(T, rpo) - z). 
Hence, we again see that q. E @‘(O, T; H”‘(I)) and ~(7’) E H”‘(T). 
THEOREM 11. The solution q. of problem (18) exists, is unique, and has 
regularity properties rp,, E H”(0, T, H”“(r)) and rp(T) E H”(r). 
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